The spectra of 25 inner-core-sensitive normal modes observed following eight recent major (M w b7.5) earthquakes are inverted for anisotropic structure in the inner core, using a one-step inversion procedure. The mode data are combined with PKP(DF)P KP(AB) di¡erential traveltime data and the inner core is parametrized in terms of general axisymmetric anisotropy, allowing structure beyond restrictive transversely isotropic models with radially varying strength. The models obtained are in good agreement with previous ones derived through the intermediate step of computing splitting functions. Splitting functions predicted for the inner core model determined using the one-step, direct inversion of all mode spectra agree well with those obtained from non-linear inversion of individual modes. We discuss the importance of handling the perturbation to radial isotropic structure appropriately in order to align the observed and predicted spectra properly. We examine the e¡ect of using existing tomographic mantle models to correct for mantle e¡ects on the inner core modes versus a mantle model derived by us using a relatively small number of mantle-sensitive modes, and show that the latter leads to a signi¢cantly better ¢t to the inner core data. Our ability to ¢t the inner core spectral data degrades appreciably if an isotropic layer thicker than 100^200 km is imposed at the top of the inner core.
INTRODUCTION
Normal mode spectra have been used extensively to constrain long-wavelength three-dimensional structure in the Earth's mantle as well as anisotropy in the inner core (e.g. Woodhouse et al. 1986; Ritzwoller et al. 1986 Ritzwoller et al. , 1988 Smith & Masters 1989; Li et al. 1991; Widmer et al. 1992; Tromp 1995a; .
The spectra of modes sensitive only to mantle structure are rather well explained by existing models of elastic heterogeneity based on surface wave and body wave data (e.g. Smith & Masters 1989; Li et al. 1991; He & Tromp 1996) . In contrast, modes with inner core sensitivity often exhibit splitting, after correction for ellipticity and rotation e¡ects, which signi¢-cantly exceeds that predicted by mantle models (e.g. Masters & Gilbert 1981; Giardini et al. 1988; Widmer et al. 1992) . This splitting cannot be explained by reasonable isotropic heterogeneity in the mantle or core (e.g. Widmer et al. 1992) , but has been shown to be consistent with simple axisymmetric models of anisotropy (e.g. Woodhouse et al. 1986; Tromp 1993) . The dominance of zonal structure observed in these modes is, to a ¢rst approximation, well described by transverse isotropy with a symmetry axis parallel to the Earth's rotation axis, as are PKIKP traveltime observations, for which paths parallel to the rotation axis are systematically faster than equatorial paths (Poupinet et al. 1983; Morelli et al. 1986) . More recent studies demonstrate complexities in the inner core anisotropic structure beyond simple transverse isotropy (Li et al. 1991; Su & Dziewonski 1995; Creager 1997; Souriau & Romanowicz 1997; Tanaka & Hamaguchi 1997) .
The occurrence of several major earthquakes since 1994 has provided numerous high-quality digital data owing to the recent global expansion of broad-band digital seismic networks. These data essentially supersede previous normal mode data sets acquired over the last 20 years, and may be used to improve constraints on inner core structure. Using such data, Tromp (1995a) con¢rmed that a radially varying model of transverse isotropy with a constant axis direction is able to explain a signi¢cant fraction of the inner core mode splitting. inverted the splitting functions of 19 inner-core-sensitive modes for axisymmetric models of anisotropy, thus allowing a departure from the radially symmetrical, constant-direction transversely isotropic models commonly investigated. One of the main results of their study is that, when relaxing the constraint of radial symmetry, models are obtained in which the region of fast velocities experienced by polar-parallel P waves in the centre of the core is elongated in the direction of the rotation axis. also demonstrated that this class of structure predicts the character of the scatter in traveltime data seen by Song & Helmberger (1995) and is suggestive of long-wavelength convection in the inner core, with £ow alignment of hcp-iron crystals as a proposed source for the anisotropy.
Previous normal mode studies investigated the e¡ect of heterogeneity on observed spectra using a two-step procedure in which data for each mode are ¢rst inverted for a`splitting function', describing the depth-averaged e¡ect of lateral heterogeneity in a manner similar to 2-D phase velocity maps in the case of surface waves (e.g. Woodhouse et al. 1986; Ritzwoller et al. 1988; Giardini et al. 1988; Li et al. 1991; Resovsky & Ritzwoller 1995 He & Tromp 1996; . The splitting functions for a collection of modes, each with di¡erent depth sensitivity, are then inverted jointly in a linear inversion for 3-D elastic and/or anisotropic structure. (e.g. Woodhouse et al. 1986; Ritzwoller et al. 1988; Li et al. 1991; Tromp 1993; .
The drawback of the two-step inversion for inner core anisotropy is that the splitting functions inferred for inner-coresensitive modes depend on the starting model (e.g. Megnin & Romanowicz 1995) . The splitting functions thus obtained for each mode may not always be consistent with realistic earth structure (see Li et al. 1991 for a discussion).
The success of the two-step inversion is dependent on the uniqueness of the intermediate splitting functions. To avoid potential model errors introduced by non-unique splitting functions, we here perform a direct inversion of the spectra of inner-core-sensitive modes, an approach ¢rst introduced by Li et al. (1991) and later applied by Tromp (1996) to mantlesensitive modes. We consider di¡erent parametrizations for inner core anisotropy, and di¡erent ways to correct for mantle e¡ects. For comparison, from the models thus obtained we compute synthetic splitting functions for these modes and discuss their consistency with splitting functions derived from the data.
THEORETICAL BACKGROUND
In this section, we review the basic theory relating observed spectra of an isolated multiplet to departures from a 1-D reference earth model (PREM; Dziewonski & Anderson 1981) . While it is possible also to consider coupled modes (Resovsky & Ritzwoller 1995 Tromp 1996; Kuo et al. 1997) , we here consider only the theoretical behaviour of isolated modes. The displacement eigenfunction for a given singlet m in a multiplet of angular order l can be written (Gilbert & Dziewonski 1975) where n denotes the radial order of the mode, l de¢nes the angular order, and {l`m`l de¢nes the azimuthal order. In the spherical reference earth model, the 2lz1 singlets of a multiplet all oscillate at the same frequency.
We represent the internal structure of the earth using lateral and radial basis functions:
where dm~(da/a, db/b, do/o) represents perturbations to P velocity, S velocity and density, respectively. Using ¢rst-order degenerate perturbation theory, appropriate in the case of isolated multiplets (Dahlen 1969; Woodhouse & Dahlen 1978) , the displacement corresponding to a single multiplet of order l can be written in matrix form:
where r and s are the source and receiver vectors of dimension 2lz1 that describe the excitation and receiver response of the individual singlets. For this discussion, we ignore the ellipticity and rotation terms, which can be accurately computed (e.g. Dahlen 1968 ). The e¡ect of heterogeneity on the observed spectra is then fully described by the splitting matrix H, which describes the interaction of two singlets, m and m':
where c is expressed in terms of 3-j symbols and includes selection rules for singlet interaction through a component of structure, (s, t). The splitting coe¤cients, c t s , are linearly related to the perturbation in structure as follows :
where the radial sensitivities, M s (r), to perturbations in velocity and density are given by Li et al. (1991) . Following Li et al. (1991) , the splitting matrix for an anisotropic medium may in turn be written as
where L is the fourth-rank elastic tensor with 21 independent components and u m is the displacement eigenfunction for the mth singlet. The fourth-rank elastic tensor may be expanded in generalized spherical harmonics:
where L st (r) are the (radially varying) coe¤cients of the expansion N~azbzczd, where a, b, c, d take the values {1, 0, 1, e a are complex basis vectors and Y Nt s are the generalized spherical harmonics (Phinney & Burridge 1973) . By substituting (7) into (6), the splitting matrix is reduced to a form similar to (4):
where g comprises sensitivity kernels and interaction rules, given explicitly in Li et al. (1991) . In the case of an isolated multiplet, the coe¤cients of the expansion of the elastic tensor with s odd do not contribute to the splitting. The term in brackets is the splitting coe¤cient, c st , in which the contribution ß 1999 RAS, GJI 139, 599^622 of general anisotropy requires summation over all elastic tensor elements. As demonstrated in Li et al. (1991) , because of symmetry considerations, there are only 13 independent elements for each harmonic component (s, t). For s~0 and s~2, these numbers reduce to 5 and 11 respectively, since jazbzczdj¦s.
Partial derivatives
In the two-step inversion, the splitting coe¤cients c st for each mode are ¢rst iteratively estimated from the observed seismograms u(t). The coe¤cients for all of the modes are then combined in a linear inversion for intrinsic structure. Following Giardini et al. (1988) , the linearized partial derivative relating the observations to the splitting coe¤cients can be deduced by considering the perturbed initial value problem,
which has the solution
The solution, P(t)~exp (iHt), to the unperturbed problem can be decomposed using the eigenvectors U and eigenvalues Ù of the splitting matrix H :
( 1 1 ) Substituting into eq. (11), the solution takes the form
Integration over time provides a linear relationship between the perturbation in P(t) in eq. (3) and a perturbation in the splitting matrix,
From the relationship between the splitting matrix and the splitting coe¤cients (eq. 4), the linearized seismogram can be written in the form
leading to the ability to evaluate the partial derivative Lu(t)/Lc st . Since the relationship between each splitting coe¤cient and intrinsic structure in eq. (5) is linear, the partial derivative to infer structure from the splitting coe¤cients Lc st /Lm k st is easily formed.
In the direct inversion, we simply combine the two partial derivatives discussed above to generate the linearized derivative relating the observed seismogram directly to intrinsic structure, Lu(t)/Lm k st .
DATA SELECTION AND PREPARATION
We consider data from eight large earthquakes (7.5`M w`8 .0) since 1994 (Table 1) . Four of these events have intermediate-todeep foci, providing good excitation of deep sampling overtones and in particular of inner-core-sensitive modes. Each of these events was recorded at more than 100 three-component broad-band stations distributed over the globe.
Since we are particularly interested in spheroidal modes that sample into the inner core, we only consider vertical-component records, which have the best signal/noise ratio. The data are processed as follows.
(1) Raw time-series are extracted, starting 10^20 hr before the event and roughly 100^200 hr following the event.
(2) Obvious glitches are removed. Single-sample spikes are interpolated, while data gaps, which are considerably more rare than in data sets used in earlier normal mode studies, are £agged or rejected.
(3) All frequencies below 0.05 mHz are removed using a polynomial ¢tting scheme (£agged data gaps are ignored).
(4) The time-series are reduced to acceleration and are compared to synthetic seismograms to detect errors in the reported instrument response.
(5) Additional editing is performed to remove subsequent events or aftershocks.
The presence of large events following the main event of interest introduces two corrupting in£uences. First, they excite low-Q modes, e¡ectively elevating the noise £oor. Second, if su¤ciently large, they modify the phase and amplitude of the mode of interest. While the ¢rst problem is largely addressed by windowing out several hours following the aftershock, the second problem requires including the perturbing e¡ect of the aftershock in the inversion. For the time windows used in this study, we have modelled the e¡ect of subsequent events and found it to be negligible. To edit the data for individual modes, the time-series are Hann-tapered and transformed to the spectral domain. For each station, the time window is speci¢ed that visually provides the best signal-to-noise ratio in the spectral domain and presents the least interference with other modes. The time window chosen is generally 1.0^1.7 Q-cycles in length, a range determined by Dahlen (1982) to optimize the trade-o¡ between signal loss and spectral resolution for a Hann-tapered record. Synthetic seismograms are generated during editing for two purposes: to assess the consistency of predictions from existing 3-D models, and to examine the excitation of the target multiplet relative to neighbouring modes. Each synthetic trace is generated in the time domain, and the same windowing, ¢ltering and processing as for the data are applied.
Inner-core-sensitive multiplets are examined that are isolated from neighbouring multiplets, resulting from separation in either frequency or quality factor. Since inner-core-sensitive modes are typically characterized by slow decay, a time window may be chosen after an event such that low-Q neighbouring modes have decayed into the noise. For several of the modes studied, it is necessary to start the time window for spectral analysis roughly 5^20 hr following the event to allow well-excited neighbouring low-Q modes to decay into the noise.
We assume source parameters as given in the CMT catalogue (Dziewonski et al. 1981) . To account for the source duration of these large events, which becomes a signi¢cant fraction of the mode period at the shortest periods (T *100 s), we convolve the predicted trace with a boxcar with the width of the source duration. We assume that the complexity of the source rupture is a second-order e¡ect. The consequence of neglecting the temporal extent of rupture for these large events is an underestimation of the quality factor by 3^5 per cent for modes between 100 and 200 s period, decreasing to no e¡ect at the longest periods. This systematic bias is due to the fact that a seismogram that is not convolved with the source duration will overpredict the short-period energy and thus require greater attenuation (lower Q) to match the data.
DETERMINATION OF SPLITTING FUNCTIONS
In this section, we document the e¡ect of heterogeneity on normal mode spectra by inverting for the splitting function of each mode (eqs 4 and 14). We later assess the consistency of the retrieved splitting functions with those predicted from inner core structure obtained from a one-step inversion of all mode observations.
The objective function to be minimized is a combination of the mis¢t to the data as well as some property of the model, m:
In our application, d represents the observed complex spectrum for a mode at all stations and f is the non-linear relation between the desired splitting functions, m, and the spectrum of each mode. The data covariance matrix, C e , essentially weights the data by the inverse of its uncertainty and assures uniform variance. There are numerous schemes to approximate accurately this matrix in applications where it is di¤cult to assess all data errors. Among these are weighting the data by the a posteriori mis¢t (Wong 1989; He & Tromp 1996) and assessing the signal-to-noise ratio using a window prior to each event (Li et al. 1991) . We implement the following weighting scheme, the two parts of which must be combined to give a balanced weighting of the data. First, for each event we normalize the average variance of each event. Thus, data randomly chosen from two events will have roughly the same contribution to the inversion. However, data from di¡erent stations within an event will be weighted only by their natural amplitude, since we do not want to boost the contribution of nodal stations arti¢cially. For the second part of the weight, we assign a qualitative grade based on the noise level, the strength of neighbouring modes, and the signi¢cance of the particular record to constrain the ¢nal solution. While we could explicitly calculate a signal-to-noise level using a noise sample preceding the earthquake, we believe that this quality grade allows greater £exibility in assessing shortcomings in the data. The model covariance matrix, C m , imposes prior restrictions on the solution space of possible models, and often enforces an a priori assumption about how the model should behave. In this implementation, we apply a damping on both the model norm and the gradient.
While the uncertainties in the retrieved splitting functions may be evaluated using the a posteriori model covariance matrix, C m , we have instead investigated the robustness of the models using a bootstrap method. A quarter of the data for each mode are randomly selected and inverted for a splitting function, with damping modi¢ed to preserve the same number of degrees of freedom as in the inversion of the full data set. The variability of the retrieved coe¤cients indicates its importance in explaining the observed spectra and is taken as a measure of the uncertainty. While the statistics of the bootstrap method are strictly valid only when the data are all independent, we argue that this method provides a measure of the relative uncertainties amongst the coe¤cients for each mode, although the absolute level of error may be less well estimated.
The availability of data from several earthquakes and the balanced weighting of the data lead to convergence within 3^4 iterations. After the ¢rst couple of iterations, in which the solution is in the neighbourhood of a minimum, we allow the moment of each event to be adjusted to correct for source error. Fig. 1 demonstrates the success of describing the observed spectra through an inverse procedure for the splitting coe¤cients.
Starting model
For modes sensitive to the mantle only, it is our experience that the splitting function obtained from the non-linear iterative inversion is independent of the (reasonable) starting model (e.g. Li et al. 1991; Kuo et al. 1997) . For the core-sensitive modes, whose strong splitting represents the largest observed departure from sphericity, the retrieved splitting function is dependent on the starting model, and convergence with meaningful variance reduction is not often obtained when starting from PREM. Megnin & Romanowicz (1995) have demonstrated that the solution spaces for several core-sensitive modes have numerous local minima and, for some modes such as 13 S 2 , multiple global minima (although in such cases the alternative solutions are generally inconsistent with solutions from other modes or a priori constraints on model size). We choose starting models based on combinations of existing mantle models (e.g. SAW12D, and existing models of inner core anisotropy (SAT, Li et al. 1991; STO, Shearer et al. 1988; CRG, Creager 1992) . In several cases, the convergence behaviour is signi¢cantly improved if we ¢rst invert for degree 0 splitting coe¤cients (perturbation in centre frequency and Q of the mode) and incorporate these shifts into the starting solution. In addition, several diagnostics exist that are useful in discriminating between two competing solutions: (1) limited variance reduction and poor convergence, (2) signi¢cant mis¢t to a subset of data, and (3) large decrease in moment adjustment for a speci¢c event, indicating that data from an event are inconsistent with the solution.
As an example, Fig. 2 presents two competing splitting functions for 13 S 2 obtained using di¡erent starting models that ¢t the data to a similar level. To help discriminate between the two solutions, Fig. 3 compares the amplitude spectrum predictions of the two splitting functions with the observations for a great event in the Flores Sea (06/17/96). While both retrieved splitting functions have some di¤culty at high latitudes, solution B completely fails to predict an obvious singlet visible at mid-latitude stations and predicts a singlet not visible in the data. These failures allow us to reject the bottom splitting function as not adequate to explain the data.
Impact of short-wavelength structure
Each isolated mode is sensitive to lateral structure up to angular order 2l, where l is the angular order of the mode. Thus, several of the modes considered have no sensitivity beyond degree 6, the truncation level in this study, and are not subject to aliasing e¡ects, a great advantage of normal mode analysis. However, we can also make the argument that lowdegree structure is a dominant component of the observed splitting. The core-sensitive modes of angular orders 1 and 2 (sensitive only to structure up to degrees 2 and 4 respectively) are among the modes most anomalously split. The distribution of singlet frequencies for observed spectra also shows a dominant signal related to degree 2 structure (Widmer et al. 1992) .
For two sample modes sensitive to higher-order structure, 11 S 5 and 8 S 5 , we have compared solutions when we increase the truncation of the spherical harmonic expansion beyond the degree 6 used in the ¢nal solutions. Both modes are sensitive to structure at degree 10 (s~2l). In Fig. 4 (a), the power spectrum of the splitting function for mode 8 S 5 clearly shows that structure through degree 6 remains largely unchanged as the truncation level is extended to higher degrees. The correlation at all degrees is signi¢cant beyond the 98 per cent level. It is also clear that the amplitude in degree 4 decreases by 30 per cent as the truncation is extended to degree 6, suggesting that truncation at degree 4 introduces aliasing. A statistical F-test shows that the extension of the inversion to degree 6 is signi¢-cant beyond the 90 per cent level, while the variance reduction gained from truncations at degrees 8 and 10 are unjusti¢ed. Mode 11 S 5 (Fig. 4b) illustrates this further, in that the amplitude Figure 1 . Each frame compares the normal mode phase (top) and amplitude (bottom) spectra that are observed (solid) and predicted (dashed). The predictions of the retrieved splitting functions (right) are signi¢cantly improved compared to those based only on mantle structure, ellipticity and rotation (left).
ß 1999 RAS, GJI 139, 599^622 in degree 4 changes by up to 40 per cent as the truncation is extended beyond degree 6, and the F-test also justi¢es the additional structure. However, we again ¢nd that the pattern represented by degrees 2^6 is spatially stable (correlation beyond 98 per cent signi¢cance), and question the accuracy of the structure at degree 10 given that roughly 300 independent data are constraining 67 harmonic coe¤cients.
Splitting functions of inner core modes
We applied the non-linear iterative inversion to 25 inner- We did not include the following modes due to their overlap and potential coupling with other modes: 2 S 3 , 3 S 1 , 6 S 3 , 7 S 2 . While Resovsky & Ritzwoller (1995) demonstrated that, even in the case of signi¢cant coupling between two modes, the degree 2 splitting function is largely unbiased, we will avoid such complications in this analysis. Table 3 presents the variance reduction, resolution and splitting width resulting from the inversions for the splitting coe¤cients of 25 modes. Modes 5 S 2 , 5 S 3 and 9 S 2 would not be classi¢ed as anomalously split, as might be expected since these modes have little sensitivity to the inner core. Comparison of the observed amplitude spectra (left) of mode 13 S 2 with those predicted for the two retrieved splitting functions (Fig. 2) . While the variance reduction to the total data set is similar, model`B' exhibits di¤culty in explaining observations near the equator. 
The degree 0 coe¤cients of the splitting functions represent the corrections to the reference model, in centre frequency and attenuation, presented in Table 4 . Many of the adjustments of the modes relative to PREM are in the same direction, if not of a similar magnitude to those presented by Li et al. (1991 ) Widmer et al.(1992 , and He & Tromp (1996) .
The splitting function coe¤cients, their uncertainties and resolution are presented in Table 5 , with corresponding splitting functions plotted in Fig. 5 . While the mantle contribution to most of these modes is dominated by a c 22 structure associated with subduction, the splitting functions are generally dominated by an anomalously large zonal structure. To demonstrate this, Figs 6 and 7 respectively compare the zonal c 20 and c 40 coe¤cients with those predicted for a typical mantle model (SAW12D, as well as coe¤cients from other published studies.
To reiterate the relationship between the observed splitting and possible anisotropic structure in the inner core, Fig. 8 compares the c 20 and c 40 coe¤cients of each mode, corrected for mantle structure, with the rms values of the anisotropic kernels for each degree s ) under the restrictive assumption that the anisotropy is transversely isotropic. For both degrees 2 and 4, the outlying point is the coe¤cient for mode 3 S 2 , indicating the large splitting and high sensitivity to inner core anisotropy documented by Woodhouse et al. (1986) . It may be argued that a linear trend relating observed splitting and sensitivity exists for the degree 2 coe¤cients, suggesting why transverse isotropy has been successful in explaining the dominant character of observed splitting. However, the departures from the linear trend seen for the degree 4 coe¤cients suggest that additional complexity beyond transverse isotropy is required to explain the data fully.
DIRECT INVERSION OF NORMAL MODE SPECTRA
Since the splitting functions for inner core modes exhibit nonuniqueness with multiple minima (e.g. Li et al. 1991; Megnin & Romanowicz 1995) , we cannot assert that the splitting functions of all the modes are representative of the Earth's structure. To circumvent this problem, we perform a direct and simultaneous iterative inversion of all observed mode spectra for inner core anisotropy. In such an approach, the spectra of each mode may only be modelled by structures allowed by the model parametrization.
Model parametrization
The anomalous signal in the mode spectra is dominated by zonal structure, as exempli¢ed by the large c 20 and c 40 coe¤cients of the splitting functions. We can thus expect to explain a signi¢cant fraction of the anomalous splitting by restricting our investigation to axisymmetric structures, which e¡ectively perturbs only the c 00 , c 20 and c 40 splitting coe¤cients of each mode. This strong restriction is in contrast to the inversion for individual splitting functions in which 6^28 free parameters were allowed per mode. In the direct inversion of normal mode spectra, we will consider the following heterogeneous structures. Table 3 . Results of splitting function inversion. The variance ratio is de¢ned as the squared mis¢t relative to the squared data. The initial variance (Var 0 ) is obtained using ellipticity, rotation and mantle model SAW12D and is compared with that obtained following inversion for the splitting functions of each mode. The splitting width, W, in the frequency spread of the 2lz1 singlets is compared with that predicted for rotation, ellipticity and mantle model SAW12D . The degrees of freedom (R) is the trace of the resolution matrix given relative to the number of unknowns describing lateral structure. Splitting function expanded using the real spherical harmonic convention of Stacey (1977) , g(h, 0)~ 
Anisotropic structure
We consider three classes of anisotropic models for the inner core.
Constant cylindrical anisotropy
The initial parametrization considers the simplest departure from isotropy, a cylindrically anisotropic structure with constant strength and fast axis parallel to the rotation axis. Such a structure is characterized by ¢ve elastic constants, A, C, F, L and N, where A~V sh o describe the anisotropy in S velocity, and F is related to the squared velocity at intermediate propagation angles. Transverse isotropy may be completely described by a degree 4 spherical harmonic expansion of the elastic tensor " abcd s0 (Tanimoto 1986; Mochizuki 1987; Tromp 1995b) . In this case, the 26 coe¤cients are linear combinations of the ¢ve elastic constants.
Radially varying cylindrical anisotropy
In the next case, we allow the strength of the ¢ve elastic constants to vary with radius, A(r), C(r), F (r), L(r) and N(r) (e.g. Woodhouse et al. 1986; Li et al. 1991; Tromp 1995) by parametrizing the radial variability using polynomials of order 4 in radius r. However, only even-order polynomials occur in the description of splitting for an isolated multiplet (Li et al. 1991) . We are thus left with 15 free parameters to determine.
While there are clear indications that anisotropy is more complicated than radially varying transverse isotropy, this characterization is still common in analyses of traveltime anomalies and is used for calculations of the rate of di¡erential rotation (e.g. Song & Richards 1996; Su et al. 1996) .
Axisymmetric anisotropy
Following Li et al. (1991) , we relax the form of allowable anisotropy by removing the requirement of transverse isotropy. To maintain a manageable number of unknowns in the inversion, we restrict the anisotropy to being axisymmetric relative to the rotation axis, consistent with the fact that the dominant signal in the normal mode spectra is due to zonal structures. For lateral structure expanded to degree 4 in spherical harmonics and radial polynomials of orders 2 and 4, there are 38 coe¤cients that contribute to isolated mode splitting while maintaining the non-singularity of the elastic tensor at the centre of the core.
Although evidence exists for a departure of the symmetry axis from the rotation axis by roughly 10 0 (Shearer & Toy 1991; ß 1999 RAS, GJI 139, 599^622 Inner core anisotropy from normal mode spectra Creager 1992; Su & Dziewonski 1995; , it is not well resolved in normal mode data and we have not incorporated it into the parametrization.
Isotropic structure
The modes considered are sensitive to isotropic structure throughout Earth, both in the mantle and core.
Inner Core
In the inner core, there is evidence that a portion of the traveltime signal is consistent with isotropic heterogeneity in compressional velocity (e.g. Su & Dziewonski 1995; Tanaka & Hamaguchi 1997) . Allowing only anisotropic structure in the inner core assumes that there is no chemical or thermal variability in the core that would give rise to signi¢cant isotropic heterogeneity. Since there are indications that the inner core contains isotropic heterogeneity, we include zonal isotropic heterogeneity of lateral degree 4 and radial order 4, adding six additional parameters.
Mantle heterogeneity
We ¢rst consider that mantle structure is well described by existing tomographic mantle models, and correct the mode data using the shear velocity model SAW12D . We only consider the structure through spherical harmonic degree 6, since many mantle models are well correlated at this wavelength (e.g. Laske & Masters 1995) . In later discussion, we will examine the e¡ect of using di¡erent mantle models on the inferred inner core structure.
Reference model: correction to centre frequency
When modelling the splitting of normal modes, a failure to align the predicted and observed spectra leads to incorrect modelling and poor ¢tting of the spectra. To allow for optimal alignment of the modes, we parametrize perturbations to the radial isotropic velocity structure in the mantle (V P (r), V S (r)), using order 4 Chebyshev polynomials. We perturb V P (r) in the inner core using polynomials of order 2.
Inversion procedure

Normal modes
The spectral observations of a single mode observed following several events are weighted as discussed previously. In the combined inversion of all modes, the individual modes are weighted to provide equal contributions to the ¢nal model. We exclude the modes 9 S 3 , 14 S 4 , 27 S 2 , 27 S 1 and 21 S 6 due to the poor convergence behaviour of these modes in the non-linear Figure 6 . Comparison of the retrieved c 20 splitting coe¤cient with published values and the predictions of a current mantle mode . ß 1999 RAS, GJI 139, 599^622 estimation of the splitting functions, but we will examine the consistency of the ¢nal model with these modes.
Traveltime data
Since normal modes lack sensitivity to the centre of the inner core, we incorporate a subset of deep-turning PKP di¡erential traveltime observations (Souriau & Romanowicz 1996; Vinnik et al. 1994; Song 1996) . The traveltimes are upweighted to provide a quarter of the total data variance, to ensure their contribution to the ¢nal model.
Starting solution
While the retrieval of individual splitting functions is strongly dependent on the starting model chosen, the direct inversion commonly converges starting from a spherical reference model. Adequate convergence requires 5^6 iterations. We ¢nd that the convergence is enhanced if, after the ¢rst three iterations, the perturbations to the radial reference model are zeroed before additional iterations.
RETRIEVED MODELS
For this initial set of inversions, Table 6 provides the variance reduction to the individual mode spectra and traveltime data while Table 7 lists the ¢ts to the splitting coe¤cients retrieved in the previous section. 
Constant transverse isotropy
For constant anisotropy with the symmetry axis parallel to the rotation axis, we retrieve the following combinations of the ¢ve elastic parameters that are resolved:
(1) the fractional di¡erence in velocity for equatorial and axial travelling P waves (compressional anisotropy),
where A 0 is the reference velocity; (2) the fractional di¡erence in velocity for equatorial and axial travelling S waves (shear anisotropy),
The value of of 2.5 per cent is reasonably close to that obtained by body wave studies; Su & Dziewonski (1995) and Tromp (1995a) found peak levels of P-wave anisotropy not exceeding 3 per cent, while other studies argued for an average level of 3^3.5 per cent. The value of c governing anisotropy for meridionally polarized S waves (S med ) is smaller than that predicted theoretically (*10 per cent) by Stixrude & Cohen (1995) or inferred by body wave analyses (e.g. Su & Dziewonski 1995) but is similar to that inferred by Tromp (1995a) . The value of p that describes anisotropy for equatorially polarized S waves (S eq ) is in better agreement with the theoretical value. If traveltimes are not included in the inversion, the P-wave anisotropy drops to 1.8 per cent, which we attribute to the limited resolution achievable using only normal mode data.
From the values in Table 6 , column 1, and Table 7 , row 1, this simple model of anisotropy can simultaneously explain an appreciable level of variance in the c 20 splitting coe¤cient (75 per cent) as well as the traveltimes (76 per cent). The consistency of the degree 2 splitting coe¤cient is not unexpected, given the linear trend between the retrieved coe¤cients and the rms kernels for this simple structure (Fig. 8) . Upon closer inspection, however, it is clear that a subset of the normal mode spectra remains unexplained by this simpli¢ed structure, especially 18 S 2 , 16 S 5 , 18 S 3 , 22 S 1 and 23 S 5 . In addition, the degree 4 splitting coe¤cients are poorly estimated by this model, suggesting the necessity of additional complexity .
Radially varying transverse isotropy
When variability in the radial strength of anisotropy is introduced (Fig. 9) , a minimum in P-wave anisotropy appears around 300 km below the ICB, similar in character to that observed using traveltimes (Su & Dziewonski 1995) and normal modes (Tromp 1995a) . Near the surface, the level of anisotropy is roughly 3 per cent, consistent with previous body wave studies. The anisotropy peaks at 5 per cent in the centre of the core, again similar in character to the body wave model of Su & Dziewonski (1995) . The S-wave anisotropy deviates by less than 2 per cent at all depths.
The added £exibility has signi¢cantly improved the ¢t to several individual modes and reduced the total mis¢t to the mode spectra from 0.73 to 0.55. However, the ¢t to the traveltimes has not been reduced signi¢cantly and the predicted c 40 splitting coe¤cients (Table 8 , row 2) remain strongly discrepant (interestingly, the ability to explain the degree 2 coe¤cients has also degraded). It is thus clear that there are signals in the data that cannot be modelled with cylindrical anisotropy.
Axisymmetric expansion of the general elastic tensor
Since the inversions with cylindrical anisotropy are unable to explain all aspects of the data, in this section we consider a more general expansion of the anisotropic elastic tensor under the restriction that the structure remain axisymmetric (Li et al. 1991; . Fig. 10 presents a cross-section through the inner core with P-wave velocity variations for waves travelling parallel to the rotation axis, showing velocities up to 4.5 per cent faster than average. The region of fast velocity concentrated near the centre of the core for the radially varying transversely isotropic models is now elongated in the direction of the rotation axis (if the data were satis¢ed by a model of cylindrical anisotropy, the contours would be concentric circles). This structure is consistent with the results of , who applied a two-step inversion to a smaller data set. The retrieved isotropic heterogeneity is relatively insigni¢cant, with variations in structure of less than 1 per cent.
For polar-parallel propagating P waves, the optimal model of anisotropy also predicts a shallow region of increased axis-parallel velocity, which if robust would also be expected if alignment due to general convection was the dominant mechanism of anisotropy . The predicted traveltime anomaly of almost 2 s for waves bottoming at 100 km is larger than that observed from body wave studies by a factor of two (e.g. Su & Dziewonski 1995) , but the predicted anomaly decreases to roughly 0.5 s when the propagation direction is tilted 20 0 relative to the rotation axis.
The departure from radial symmetry increases the compatibility of the spectral observations and the traveltime data with clear reductions in residual variances (Table 6 , column 3). In addition, the predicted splitting coe¤cients are in better agreement with those retrieved in the previous section (Table 7 , row 3), especially for the degree 4 terms (the residual variance dropping from 2.5 to 0.9). Fig. 11 presents the perturbation in the radial isotropic compressional and shear velocities; in all cases, these are less than 0.5 per cent. While we do not consider these perturbations to be well enough resolved to provide reliable corrections to the reference model, we note that the character of the perturbations is similar for all inversions described above. Interestingly, the isotropic velocity at the top of the inner core is reduced slightly, consistent with the inferences of Song & Helmberger (1992) . 
EFFECTS OF ISOTROPIC RADIAL STRUCTURE AND MANTLE HETEROGENEITY
While consideration of general axisymmetric anisotropy is better able to explain the observations than transversely isotropic structure, the mis¢t to the anomalous c 40 coe¤cients remains high (residual variance of 0.90; Table 7 , row 3). In contrast, a linear inversion of splitting coe¤cients for inner core anisotropy is able to explain more than 50 per cent of the variance in the c 40 splitting coe¤cients . To examine this apparent discrepancy and investigate potential trade-o¡s with isotropic structure, we (1) perform a direct inversion with greater £exibility in modelling the mode centre frequencies, and (2) examine the e¡ect of the (¢xed) mantle structure. To align the centre frequencies better in the ¢rst experiment, we replace the parametrization for radial isotropic velocity perturbations (which acts only to modify the centre frequencies) with an explicit correction to the centre frequency for each mode. The inversion has complete freedom to determine the best centre frequency for each mode, with no requirement that they be consistent with any radial model of structure. The retrieved inner core models are not signi¢cantly di¡erent (e.g. Fig. 12 ) and the ¢t to the spectra (Table 7 , rows 4^6) improves slightly for each of the three parametrizations, as expected given the additional degrees of freedom. The ¢t to the traveltimes has degraded slightly, suggesting that some of the inner core signal in the normal modes is being absorbed into the centre frequency corrections, dc 00 . The prominent di¡erence from the previous inversions is that the ¢t to all splitting coe¤cients is uniformly improved at the level of 50 per cent. We interpret this as indicating a trade-o¡ between ¢tting the centre frequency and explaining the splitting of the mode, a trade-o¡ that does not signi¢cantly impact the inferred inner core structure (as seen by comparing Figs 12 and 10) . From the result of this experiment, we conclude that the parametrization of radial isotropic structure, in conjunction with the ¢xed mantle model, is too restrictive to model the anomalous isotropic signal in the data completely.
We are reluctant simply to increase the number of degrees of freedom in the radial isotropic parametrization since experiments suggest that this leads to large radial velocity perturbations. Instead, we examine the impact of the chosen mantle model. Our motivation is that each mantle model is published with a relatively short-wavelength degree 0 component, a correction to the radial structure. While most studies do not attach great signi¢cance to this radial perturbation, it nonetheless represents the starting model for our perturbation to the radial isotropic structure. Because we are using long-wavelength radial polynomials, small-wavelength radial structure in the starting mantle model cannot be modi¢ed even if required by the data.
A signi¢cant improvement in explaining the splitting coe¤cients is obtained when we consider a mantle model based on a limited number of mantle-sensitive modes. We Figure 13 . Even-degree 4 mantle model S4W4.m10 (right) based on the direct inversion of 10 mantle-sensitive normal modes compared with SAW12D ¢ltered to the same components (left).
have used data for 10 mantle-sensitive-only modes in a direct inversion for degree 4 lateral and order 4 radial mantle shear velocity perturbations (e.g. Li et al. 1991; Kuo et al. 1997) . In the inversion, the density and compressional velocity are assumed to be correlated and proportional to the shear velocity
The resulting model (Fig. 13 ) has similarities to SAW12D ¢ltered to the same degree, although di¡erences may simply be a consequence of the assumed proportionality constants and the limited data set used in its construction.
We incorporate this mantle model into the direct inversion of inner-core-sensitive modes (the lateral mantle structure is ¢xed; the degree 0 structure provides a starting model for perturbations to the radial structure). The resulting inner core anisotropic structure (Fig. 14) has not changed signi¢cantly. However, the resulting models are better able to explain the splitting coe¤cients (Table 7 , row 7) with a residual variance of 0.57 for the c 40 terms. The ¢t to the traveltimes is maintained while the ¢t to the spectra is decreased slightly due almost completely to a di¤culty in ¢tting 22 S 1 . We do not claim that we have developed an improved model of the mantle; the data applied to the problem are too few. Rather, we stress that our mantle model, when combined with the axisymmetric parametrization of inner core anisotropy, is more consistent with the speci¢c and limited set of inner-core-sensitive spectra considered in this study. We also note that this mantle model is most consistent with the spectra under the restriction that we allow only perturbations to the zonal (c 20 , c 40 ) splitting coe¤cients of each mode.
For our preferred model, we compare the predicted splitting functions with those retrieved from spectral data as described in the previous section (Fig. 15) . For the majority of modes, the predicted and observed splitting functions are remarkably similar in strength and character, including those for modes 27 S 1 and 27 S 2 , which were not used in the one-step inversion for inner core anisotropy. For the shallow-sampling modes 11 S 4 and 11 S 5 , the predictions reproduce the slightly stronger splitting function observed for 11 S 4 . The only gross di¡erence is an underprediction of the splitting of 13 S 1 . This di¡erence may indicate non-uniqueness of the retrieved splitting function, a reasonable hypothesis given the strong sensitivity of the l~1 modes to the chosen starting model.
Recent analyses of shallow-turning PKIKP waves suggest that an isotropic layer may exist in the outer 300 km of the inner core (e.g. Song & Helmberger 1998) , which may have implications for mechanisms of core solidi¢cation or relaxation times in the shallow outer core (e.g. Bu¡ett 1997 ). To investigate this hypothesis using the normal mode constraints, we consider inversions for radially varying transverse isotropy in which we impose a shallow isotropic layer of variable thickness. We ¢nd, in Table 8 , that the ¢ts to several normal modes degrade when the thickness of the isotropic layer exceeds 200 km, with the residual variance for the shallowsampling modes 11 S 4 and 11 S 5 increasing by roughly 50 per cent. Interestingly, both shallow-sampling modes ( 11 S 4 , 11 S 5 ) and deeper-sampling modes ( 3 S 2 , 22 S 1 ) show degraded ¢ts, leading us to speculate that the unsuccessful attempts to adjust the anisotropy to explain shallow-sampling modes cannot be compensated at depth to maintain the ¢t to the deeper-sampling modes.
The inner-core-sensitive modes investigated here may be combined with mantle modes for a joint inversion of the whole Earth structure (e.g. Li et al. 1991) . We would expect ever greater agreement with the spectral data, since the current direct inversion is e¡ectively only perturbing three splitting coe¤cients per mode. However, preliminary investigations with our limited data set of mantle modes suggest that the strong anomalous degree 2 signal can dominate the inversion, placing unreasonable zonal structure in the mantle to explain the inner-core-sensitive modes better at the expense of the mantle modes. The acquisition of additional mantle-sensitive mode data (Kuo et al. 1997) will better constrain the joint inversion of mode spectra for mantle and core structure.
CONCLUSIONS
We have explored a number of improvements in the inversion of normal mode spectra for anisotropic structure in the inner core. The direct (`one-step') inversion allows us to avoid the non-uniqueness problems inherent in the non-linear estimation of normal mode splitting functions. Better ¢ts to the data can be achieved by allowing adjustments in the mode central frequencies and by using a mode-derived mantle model to correct for 3-D mantle structure. By allowing axisymmetric departures from simple transversely isotropic models of anisotropy, we Figure 14 . Cross-section through the inner core for an axisymmetric model showing velocity perturbations for P waves travelling parallel to the rotation axis using mantle model S4W4.m10 as the ¢xed mantle structure. ß 1999 RAS, GJI 139, 599^622 con¢rm the results of , namely that improved ¢ts to the data can be obtained with inner core models that have a central zone, elongated in the direction of the rotation axis, with about 3 per cent of anisotropy in P velocity, while anisotropy is minimum at mid-depths in the inner core. It is clear that additional complexity beyond axisymmetry exists in the inner core, as illustrated by several recent PKP traveltime studies (eg. Tanaka & Hamaguchi 1997; Creager 1997) . A more general parametrization of inner core anisotropy, allowing for longitudinal variations, is the subject of current work in our laboratory. Finally, we have veri¢ed that an isotropic layer at the top of the inner core, as proposed by Song & Helmberger (1998) , degrades the ¢t to mode splitting data for thicknesses greater than 100^200 km. It is still possible that the shallow inner core structure might be locally isotropic, which would not be resolved by globally sampling modes. (Fig. 14) and mantle model S4W4.m10.
This indicates that there remain yet unresolved discrepancies between normal mode and traveltime data regarding inner core anisotropy. In particular, the strong zonal degree 2 structure inferred by core-sensitive modes is incompatible with the dominance of shallow degree 1 structure in inner core anisotropy documented by Tanaka & Hamaguchi (1997) . The present study was conducted under the assumption that all of the anomalous splitting originates within the inner core, based on a consensus reached over the past decade after a long debate in which other possible explanations such as outer core structure have been proposed as alternatives (e.g. Widmer et al. 1992) . However, the hypothesis of contributions of isotropic structure to anomalous observations may need revisiting in light of studies suggesting an isotropic layer at the top of the inner core as well as the results of Breger & Romanowicz (1998) , which indicate that much of the anomalous signal present in deepcore-penetrating PKP waves can be explained by structure within D@.
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